We obtain some general restrictions on the continuous endomorphisms of a profinite group G under the assumption that G has only finitely many open subgroups of each index (an assumption which automatically holds, for instance, if G is finitely generated). In particular, given such a group G and a continuous endomorphism φ we obtain a semidirect decomposition of G into a 'contracting' normal subgroup and a complement on which φ induces an automorphism; both the normal subgroup and the complement are closed. If G is isomorphic to a proper open subgroup of itself, we show that G has an infinite abelian normal pro-p subgroup.
Introduction
Let G be a finitely generated residually finite group and let φ be an endomorphism. It is a wellknown theorem of Mal'cev that G is Hopfian, that is, if φ is surjective, then it is an isomorphism. On the other hand, there can certainly be injective endomorphisms of G that are not surjective, such as the map x → 2x for G = Z.
In this paper, we will focus on profinite groups, and all homomorphisms under consideration are understood to be continuous. Here the obvious analogue of 'finitely generated' is 'topologically finitely generated', but in fact it is appropriate to assume a somewhat weaker property: Definition 1.1. Let G be a profinite group. G is of type (F) (or an (F)-group) if G has finitely many open subgroups of index n for every integer n. Equivalently, if we let I ⊳ n (G) be the intersection of all open normal subgroups of index at most n in G, then I ⊳ n (G) is open in G for all n. Finitely-generated profinite groups are necessarily of type (F) (see for instance [4] Proposition 2.5.1.). In the other direction, a pronilpotent group G is of type (F) if and only if its Sylow subgroups are all finitely generated, but this does not require any overall bound on the number of generators across different primes; thus one can easily construct examples of infinitely generated pronilpotent (F)-groups. In addition, the class of (F)-groups includes all just infinite profinite groups, which need not be finitely generated even if they are hereditarily just infinite (see for instance [6] ).
Profinite groups of type (F) are Hopfian as topological groups (see [4] Proposition 2.5.2.), but not co-Hopfian in general. Given a profinite group G, the question of whether G has any proper open subgroups isomorphic to itself is particularly interesting in the theory of totally disconnected, locally compact groups.
Given an endomorphism φ of G, one can define two subgroups of G which measure the extent to which positive powers of φ fail to be automorphisms:
where H is the additive group of Z p and K is the group of units of Z p , acting by multiplication. Let φ be the endomorphism of G that centralises K and acts on H as multiplication by p. Then Con(φ) = H and φ + (G) = K. Our first main result shows that this splitting as a semidirect product is a general phenomenon for profinite groups of type (F).
Theorem A. Let G be a profinite group of type (F) and let φ be an endomorphism of G. Then G = Con(φ) ⋊ φ + (G) where Con(φ) and φ + (G) are both closed subgroups. The restriction of φ to φ + (G) is an automorphism, and we have
Of course, any profinite group (of type (F)) can appear as Con(φ) if φ is the zero endomorphism. More interesting is the case of open self-embeddings, that is, injective endomorphisms φ of G whose image is open. In this case one has an associated ascending HNN extension L = G * φ of G, and the topology of G naturally extends to a group topology on L with G as an open subgroup. In effect, we are therefore considering special cases of the automorphisms and associated contraction groups as considered by Baumgartner, Glöckner and Willis in [1] and [2] . If the images of G under the non-negative powers of φ have trivial intersection, then G * φ is a contraction group in the sense of [2] , which gives a good description of the structure of such groups. In the special case under consideration here, we can eliminate the case occurring in ( [2] , Theorem A) in which G contains a Cartesian product of non-abelian finite simple groups. 
Theorem B. Let G be a profinite group of type (F) and let Λ ⊆ End o (G).
(ii) Suppose that the set {λ(G) | λ ∈ Λ} forms a base of neighbourhoods of the identity. Then
When combined with Theorems A and B of [2] , Theorem B (i) above can be refined to the following: As a result we obtain the following, which generalises Theorem E (i) of [3] . Theorems A and B will be proved in somewhat greater generality, requiring some more technical definitions to state. We will also prove some facts about open self-embeddings in the class of all profinite groups. At this point it seems reasonable to ask the following: Question 1. Let G be a finitely generated profinite group, and let φ be an open self-embedding of G. Is Con(φ) necessarily nilpotent?
Preliminaries and general remarks
The following standard compactness argument will be used in several places. 
is a set of closed subsets of G whose finite subsets have non-empty intersection. Since G is compact, it follows that the intersection N ∩ (G \ O) of all the sets C K is non-empty. Hence N ⊆ O.
Corollary 2.2. Let G be a profinite group, and let H be a closed subgroup of G. Let K be a set of closed subgroups of G such that
Proof. Let L = K, H , and suppose L < G. Then L ≤ M for some proper open subgroup M of G, since any closed subgroup of a profinite group is an intersection of open subgroups. Then H ≤ M , and it follows from Lemma 2.1 that there is some finite subset
The following trivial observation will be used without further comment.
When considering the existence of open embeddings between profinite groups, many questions reduce to those about profinite groups involving finitely many primes, thanks to the following: 
Lemma 2.5. Let G be a profinite group, and let H ≤ o G. Then there is a finite set of primes
Proof. Let K o G, let π be the set of primes dividing |G : K| and let π 
where K is the core of H in G, so the required finite set of primes π is given by the prime divisors of |G : Core G (H)|.
Proof of Proposition 2.4. By Lemma 2.5, there is a finite set of primes
, for any set of primes π * containing π. It follows that there is a well-defined and unique
Hence ψ is injective, as required.
Preimages of endomorphisms are well-behaved with respect to open subgroups. Lemma 2.6. Let G be a profinite group, let K ≤ o G and let φ be an endomorphism of G. Then 
Proof. By replacing H by its core in G, we may assume H is normal in G; moreover, we may assume |G : H| realises the minimum value of the set
H| by Lemma 2.6. By the minimality of |G : H|, there must be some
As an extreme case, one could consider profinite groups G in which every open subgroup H of G is isomorphic to G, or at least there is some (open) normal subgroup of G contained in H that is isomorphic to G. However, there are no examples of this behaviour for groups of type (F) aside from the obvious ones.
Proposition 2.8. Let G be a profinite group of type (F). Then the following are equivalent: (i) Every open subgroup of G contains a normal subgroup N of G such that N ∼ = G. (ii) G is of the form p Z np p for non-negative integers n p , where p ranges over a set of prime numbers. In particular, every open subgroup of G is isomorphic to G.

Proof. It is clear that (ii) implies (i). Suppose (i) holds; let
We claim first that G is abelian. Since C forms a base of neighbourhoods of the identity, it suffices to show that G/H is abelian for all H ∈ C. Fix H; let k = |Aut(G/H)| and let K = I ⊳ k (G). Then by our assumption, there is an injective endomorphism φ of G such that φ(G) is normal in G and φ(G) ≤ K. Since φ(H) is a characteristic subgroup of φ(G), we see that G acts on φ(G)/φ(H) by conjugation as a subgroup of Aut(φ(G)/φ(H)) ∼ = Aut(G/H), so |G : C G (φ(G)/φ(H))| ≤ K, and hence K ≤ C G (φ(G)/φ(H)). In particular, φ(G) acts trivially on φ(G)/φ(H), so φ(G)/φ(H) is abelian, and thus G/H is abelian.
Thus G is a Cartesian product of its Sylow subgroups S p , each of which is abelian of type (F). This forces S p = F p × Z np p where F p is finite; in fact F p must be trivial for (i) to hold, by considering the p-torsion subgroups of open subgroups of G. Thus G is of the form described in (ii).
Well-behaved groups and endomorphisms
We now define a somewhat technical property of a set of endomorphisms acting on a profinite group. This property holds for all endomorphisms of (F)-groups, but is additionally retained on passage to suitable invariant subgroups. Say that Λ is regulated on G if a set of Ω of automorphisms exists such that Ω regulates Λ. Note that subsets of regulated sets are regulated.
If G is of type (F) then the set of all endomorphisms is regulated (for instance by the empty set). Proof. (i) Let λ ∈ Λ and ω ∈ Ω. Then λω = ω ′ λ for some ω ′ ∈ Ω, so
We must check that each of the conditions (a)-(c) are satisfied by Ξ. Let λ ∈ Λ. We have λΩ = Ωλ by assumption. Suppose h ∈ H induces ψ h ∈ Ψ by conjugation. Then for all x ∈ N : We can also generalise the hypotheses of Theorem A by considering contraction for more general semigroups of endomorphisms, in place of the cyclic monoid {φ k | k ≥ 0}.
Definition 3.3. Let G be a profinite group and let Λ be a semigroup of endomorphisms of G acting on the left. Write Λ ∩ (G) for λ∈Λ λ(G). Let F consist of all subsets of Λ which contain ξ∈Ξ Λξ for some finite subset Ξ of Λ. Given a closed subgroup K of G, let Con(Λ, K) be the set of elements x ∈ G such that for all open sets O ⊇ K there is some Σ ∈ F such that σx ∈ O for all σ ∈ Σ; define Con(Λ) = Con(Λ, 1). (One can regard Con(Λ) as the set on which Λ converges pointwise to the zero endomorphism.) For these definitions to be useful, we are particularly interested in those semigroups Λ which satisfy following conditions: (I) For every finite subset Ξ of Λ, the intersection ξ∈Ξ Λξ is non-empty.
(II) For every finite subset Ξ of Λ, there is some λ ∈ Λ such that λ(G) ≤ Ξ ∩ (G). Notice that conditions (I) and (II) are automatically satisfied if Λ is a commutative semigroup. In the simplest case, when Λ is the set of non-negative powers of a single endomorphism φ, we see that Con(Λ) = Con(φ) and Λ ∩ (G) = φ + (G). (ii) Given λ ∈ Λ and x ∈ G, then λ(Con(Λ, K)) ≥ Con(Λ, K) ∩ λ(G) and ker λ ≤ Con(Λ, K).
Proof. (i) Given x, y ∈ Con(Λ, K), there exist Σ 1 , Σ 2 ∈ F such that x ∈ σ∈Σ1 σ −1 (K) and y ∈ σ∈Σ2 σ −1 (K). Since F is a filter we also have Σ 3 = Σ 1 ∩ Σ 2 ∈ F , and since the preimages σ −1 (K) are always subgroups of G, it follows that xy
Then there is some Σ ∈ F such that σ(x) ∈ O for all σ ∈ Σ. This implies that σ(y −1 xy) ∈ O for all σ ∈ Σ and y ∈ G. The fact that Con(Λ, K) is normal now follows from the fact that K is the intersection of the open normal subgroups of G that contain it.
(ii) Let x ∈ G and let y = λ(x); suppose y ∈ Con(Λ, K).
Then for all open sets O containing K, there is some Σ ∈ F such that σλ(x) = σ(y) ∈ O for all σ ∈ Σ. Since Σλ ∈ F it follows that x ∈ Con(Λ, K). The case y = 1 shows that ker λ ≤ Con(Λ, K), and in general we see that λ(Con(Λ, K)) ≥ Con(Λ, K) ∩ λ(G). If in addition Λ satisfies condition (II), then G = Con(Λ) ⋊ Λ ∩ (G) and every λ ∈ Λ restricts to an automorphism on Λ ∩ (G).
Main theorems
is an open subgroup of G, since Con(Λ, K) = R. Thus by Lemma 3.4, we have
where all indices are finite. We see that in fact equality must hold for both inequalities here.
For the first inequality, this ensures Con(Λ, K)λ(G) = G. We let K range over a descending chain of open subgroups with trivial intersection; the corresponding groups Con(Λ, K) then also form a descending chain. Applying Corollary 2.2 then gives N λ(G) = G.
Given Lemma 3.4 (ii), the equality |λ(G) : λ(G) ∩ Con(Λ, K)| = |λ(G) : λ(Con(Λ, K))| implies that Con(Λ, K)∩λ(G) = λ(Con (Λ, K) ) for all open subgroups K; this implies that N ∩λ(G) = λ(N ), so N ∩ H = Λ ∩ (N ).
We have Con(Λ, K) = R; in fact, R is a direct system of open subgroups, since R Σ1∩Σ2 ≥ R Σ1 , R Σ2 , so by the compactness of Con(Λ) we must have Con(Λ, K) = R Σ for some Σ depending on K. Condition (I) ensures this set Σ is non-empty, in other words there exists σ ∈ Λ such that σ(Con(Λ, K)) ≤ K, so Λ ∩ (Con(Λ, K)) ≤ K. Since N is the intersection of Con(Λ, K) as K ranges over the open subgroups, it follows that N is closed and Λ ∩ (N ) = 1, and hence N ∩ H = 1. Now suppose condition (II) holds. Then we have N Ξ ∩ (G) = G for all finite subsets Ξ of Λ, so G = N H by Corollary 2.2 and hence G = N ⋊ H.
Fix λ ∈ Λ; it remains to show that λ induces an automorphism on H. We have H ∩ ker λ ≤ H ∩ N = 1, so λ induces an isomorphism from H to λ(H); since λΛ ⊆ Λ, we also have λ(H) ≥ H. If λ(H) > H, then since G = N H we must have some x ∈ H \ {1} such that λ(x) ∈ N . But then x ∈ N as in the proof of Lemma 3.4 (ii), so x ∈ N ∩ H = 1, a contradiction. The following theorem is a more general form of Theorem B. Corollary 1.3 can of course be generalised in the same way.
